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NAME MTH 1322 - CALCULUS II

INSTRUCTOR SOLUTIONS

DIRECTIONS: For full credit you must show enough of your work so that the reader can follow what you did.
No calculator of any sort is allowed on the exam. Simplify your answers. Your final answers may contain exact
expressions such as ln 2, e−1, or π/4. However, expressions such as ln 1, eln 2, or sin(π/4) would have to be
simplified (evaluated).

1. Evaluate

∫
x2 sin 2x dx.

u = x2
dv

dx
= sin 2x

du

dx
= 2x v = −1

2
cos 2x

∫
x2 sin 2x dx = −x

2

2
cos 2x+

∫
x cos 2x dx

u = x
dv

dx
= cos 2x

du

dx
= 1 v =

1

2
sin 2x

∫
x2 sin 2x dx = −x

2

2
cos 2x+

x

2
sin 2x−

∫
1

2
sin 2x dx

= −x
2

2
cos 2x+

x

2
sin 2x+

1

4
cos 2x+ C

2. Evaluate

∫
2x− 1

x(x− 1)
dx.

Using partial fractions,

2x− 1

x(x− 1)
=
A

x
+

B

x− 1

2x− 1 = A(x− 1) +Bx

When x = 0 we have −1 = −A so A = 1. When x = 1 we have 1 = B.∫
2x− 1

x(x− 1)
dx =

∫
1

x
dx+

∫
1

x− 1
dx

= ln |x|+ ln |x− 1|+ C



3. Evaluate the definite integral

∫ π/2

0
cos3 x dx.

Use the substitution u = sinx, so du = cosx dx.∫ π/2

0
cos3 x dx =

∫ π/2

0
(1− sin2 x) cosx dx =

∫ 1

0
(1− u2) du

= u− u3

3

∣∣∣∣1
0

= 1− 1

3
=

2

3

4. Evaluate the improper integral,

∫ ∞
0

2x

(1 + x2)2
dx.

Use the substitution u = (1 + x2), so du = 2x dx.∫ ∞
0

2x

(1 + x2)2
dx =

∫ ∞
1

1

u2
du = lim

R→∞

∫ R

1
u−2 du = lim

R→∞
−u−1

∣∣R
1

= lim
R→∞

− 1

R
+ 1 = 0 + 1 = 1



5. Use the comparison test to determine whether the integral converges,

∫ 1

0

1√
x+ x2

dx.

The integrand has a discontinuity at x = 0. Using the comparison
1√

x+ x2
<

1√
x

the p-integral

∫ 1

0

1√
x
dx

converges so by the comparison test

∫ 1

0

1√
x+ x2

dx converges.

6. Use L’Hôpital’s rule to evaluate the limit.

(a) lim
x→0

ex − 1

sinx

Using L’Hôpital’s rule,

lim
x→0

ex − 1

sinx
= lim

x→0

ex

cosx
=

1

1
= 1 .

(b) lim
x→∞

x2

ex

Using L’Hôpital’s rule twice,

lim
x→∞

x2

ex
= lim

x→∞

2x

ex
= lim

x→∞

2

ex
= 0 .



7. Find the volume of revolution about the x-axis for the region under the curve y = x
√
1− x2 over the interval

[0, 1].

y = x
√
1− x2

x

y

10

Using the disc method,

V = π

∫ 1

0
x2(1− x2) dx = π

∫ 1

0
x2 − x4 dx = π

[
x3

3
− x5

5

]1
0

= π

(
1

3
− 1

5

)
=

2π

15

8. Solve the initial value problem y2
dy

dx
= x−2, y(1) = 0.

Using separation of variables, ∫
y2 dy =

∫
x−2 dx

y3

3
= −x−1 + C

y3 = −3x−1 +D (D = 3C)

y(x) =
(
D − 3x−1

)1/3
Using the initial condition 0 = (D − 3)1/3so D = 3.

y =
(
3− 3x−1

)1/3



9. Let F (x) =

∫ x

0

1

1 + t3
dt. Use the Maclaurin series for

1

1− x
to show that F (x) = x− x4

4
+
x7

7
− . . . .

Use the Maclaurin series
1

1− u
=
∞∑
n=0

un setting u = −t3,

1

1 + t3
=
∞∑
n=0

(−1)nt3n = 1− t3 + t6 − . . .∫ x

0

1

1 + t3
dx =

∫ x

0
1dt−

∫ x

0
t3dt+

∫ x

0
t6dt− . . .

= t|x0 −
t4

4

∣∣∣∣x
0

+
t7

7

∣∣∣∣x
0

= x− x4

4
+
x7

7
− . . .

10. Find the interval of convergence of the power series
∞∑
n=0

(x− 2)n

(2n)!
.

Using the ratio test,

ρ = lim
n→∞

|x− 2|n+1

(2n+ 2)!

(2n)!

|x− 2|n
= |x− 2| lim

n→∞

(2n)!

(2n+ 2)(2n+ 1)(2n)!

= |x− 2| lim
n→∞

1

(2n+ 2)(2n+ 1)
= |x− 2| · 0 = 0

As ρ = 0 the power series converges for all values of x. The interval of convergence is (−∞,∞).



11. Find the sum of the series or state that the series diverges and justify your answer.

(a)
8

5
+

8

52
+

8

53
+

8

54
+ . . .

This is a geometric series with common ratio 1/5 < 1 so it converges to
8/5

1− (1/5)
=

8

5− 1
= 2.

(b)
∞∑
n=1

n

3n− 2

lim
n→∞

n

3n− 2
= lim

n→∞

1

3− 2/n
=

1

3− 0
=

1

3
6= 0 so by the nth term divergence test the series diverges.

12. Determine whether the series
∞∑
n=1

cosn

n3
converges absolutely, conditionally, or not at all.

For n ≥ 1, we have
| cosn|
n3

≤ 1

n3
as | cosn| ≤ 1. The series

∞∑
n=1

1

n3
converges as

∞∑
n=1

1

np
converges for p > 1.

So by the direct comparison test
∞∑
n=1

| cosn|
n3

converges and
∞∑
n=1

cosn

n3
converges absolutely.



Table of Trigonometric Integrals∫
tan θ dθ = ln | sec θ|+ C = − ln | cos θ|+ C

∫
cot θ dθ = − ln | csc θ|+ C = ln | sin θ|+ C

∫
sec θ dθ = ln | sec θ + tan θ|+ C

∫
csc θ dθ = − ln | csc θ + cot θ|+ C

∫
sinn θ dθ = − 1

n
sinn−1 θ cos θ +

n− 1

n

∫
sinn−2 θ dθ

∫
cosn θ dθ =

1

n
cosn−1 θ sin θ +

n− 1

n

∫
cosn−2 θ dθ

∫
tann θ dθ =

1

n− 1
tann−1 θ −

∫
tann−2 θ dθ

∫
cotn θ dθ = − 1

n− 1
cotn−1 θ −

∫
cotn−2 θ dθ

∫
secn θ dθ =

1

n− 1
secn−2 θ tan θ +

n− 2

n− 1

∫
secn−2 θ dθ

∫
cscn θ dθ = − 1

n− 1
cscn−2 θ cot θ +

n− 2

n− 1

∫
cscn−2 θ dθ


