
Real Analysis Qualifying Exam 2019 Due: 6/14/2019

Instructions:

• This exam is closed book, closed notes.

• Write your solutions clearly and legibly in the space provided; no credit will be given for illegible
solutions.

• Turn in scratch paper only if it contains part of your final answer.

• Show all work in your proofs; you will be graded on your reasoning.

Last Name: First Name:

Question Points Score

1 6

2 10

3 5

4 5

5 10

6 10

7 10

8 10

Total 66



1 Complete the following statements of definitions and theorems.

(a) [1 point] If X is a topological space, then the Borel σ-algebra on X is...

(b) [1 point] Complete the statement of Fatou’s Lemma: if tfnu is a sequence of non-negative
measurable functions, then...

(c) [1 point] State the Monotone Convergence Theorem.

(d) [1 point] State the Dominated Convergence Theorem.

(e) [1 point] Complete the statement of the Lebesgue-Radon-Nikodym Theorem: if ν is a complex
measure and µ is a σ-finite positive measure on pX,Mq, then there exist...

(f) [1 point] Complete the statement of the Hahn-Banach Theorem: if X is a real vector space,
p is a sublinear functional on X, M is a subspace of X, and f is a linear function on M such
that fpxq ¤ ppxq for all x PM , then...
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2 [10 points] Solve one of the following.

(a) Let m be Lebesgue measure on R. If E is Lebesgue measurable and 0   mpEq   8, prove
that for any α   1 there is an open interval I such that mpE X Iq ¡ αmpIq. (Hint: argue by
contradiction.)

(b) If µ is a semifinite measure (every set of infinite measure contains a set of positive finite
measure) and if µpEq � 8, prove that for any C ¡ 0 there exists F � E with C   µpF q   8.
(Hint: let M � suptµpF q : F � E,µpF q   8u. If M   8, first construct a set F � E such
that µpF q �M , then use this to derive a contradiction.)
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3 [5 points] If tfnu is a sequence of non-negative measurable functions such that fn decreases pointwise
to f and

³
f1   8, prove that

³
f � lim

³
fn.

4 [5 points] Let µ be a positive measure. A sequence of functions tfnu � L1pµq is called uniformly

integrable if for every ε ¡ 0 there exists δ ¡ 0 such that whenever µpEq   δ, then
∣∣∣³E fn dµ

∣∣∣   ε for

all n. Prove that if tfnu converges to some f in L1pµq, then it is uniformly integrable.
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5 [10 points] (a) State the Closed Graph Theorem.

(b) Let Y � Cpr0, 1sq, the space of all continuous complex-valued functions on r0, 1s, and let
X � C1pr0, 1sq, the space of all continuously differentiable complex-valued functions on r0, 1s,
both equipped with the uniform norm }f}u � supxPr0,1s|fpxq|.
Prove that the derivative map pd{dxq : X Ñ Y is closed but not bounded. (To show it is
closed, use facts from advanced calculus. To show it is not bounded, construct a sequence that
is uniformly bounded such that the derivatives blow up.)

(c) Explain why part (b) does not contradict part (a).

5



6 [10 points] Prove that every closed convex set K in a Hilbert space has a unique element of minimal
norm.
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7 [10 points] Let f P L2pr0, 1sq. Prove that lim
nPN,nÑ8

» 1

0
fpxq cos p2πnxq dx � 0.
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8 [10 points] For f P L1pRnq, we define the Fourier transform f̂ of f by

f̂pξq �

»
Rn

fpxqe�2πiξ�x dx.

Also, let ∆ � B21 � � � � � B2n denote the usual Laplacian.

Recall that e�π|x|
2

is its own Fourier transform.

(a) Define

Gtpxq � p4πtq�n{2e�|x|
2{4t @t ¡ 0, x P Rn.

Then for all t ¡ 0, show (i) Ĝt is given by Ĝtpξq � e�4π2|ξ|2t, (ii)
³
Gtpxq dx � 1, and (iii)

BtĜtpξq �z∆Gtpξq.
(b) Let f P LppRnq for some 1 ¤ p   8. Using part (a), sketch the proof showing that upx, tq :�

f �Gtpxq (where � denotes convolution) satisfies the initial value problem#
Btupx, tq � ∆upx, tq if x P Rn, t ¡ 0

upx, 0q � fpxq if x P Rn

where the initial condition holds in the sense that
��up�, tq � f

��
p
Ñ 0 as tÑ 0.
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